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Historical Overview

The starting point: an inequality for orthonormal
functions

In 1975, Lieb and Thirring proved a Sobolev-type inequality for a
set of orthonormal functions:

Theorem 1 (Lieb-Thirring 1975)
∀𝑑 ∈ ℕ∗, ∃𝐾𝑑 > 0 (optimal) s.t. ∀𝑁 ∈ ℕ∗ and ∀{𝑢1,… , 𝑢𝑁} ⊂ 𝐻1(ℝ𝑑) or-
thonormal in 𝐿2:

𝑁
∑
𝑛=1

∫
ℝ𝑑
|∇𝑢𝑛|2d𝑥 ≥ 𝐾𝑑 ∫

ℝ𝑑
(

𝑁
∑
𝑛=1

|𝑢𝑛|2)
1+ 2

𝑑
d𝑥 .
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Historical Overview

Original motivation: a (by then) new (now
classical) proof of the Stability of Matter

Corollary 1
Let {𝑢𝑛}𝑛∈ℕ ⊂ 𝐻1(ℝ𝑑) be a sequence of 𝐿2-orthonormal functions, and
let {𝜈𝑛}𝑛∈ℕ ⊂ [0, 1]. Then

∑
𝑛∈ℕ

𝜈𝑛 ∫
ℝ𝑑
|∇𝑢𝑛|2d𝑥 ≥ 𝐾𝑑 ∫

ℝ𝑑
(∑
𝑛∈ℕ

𝜈𝑛|𝑢𝑛|2)
1+ 2

𝑑
d𝑥

where 𝐾𝑑 is the optimal constant of Theorem 1.
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Historical Overview

Corollary 2
Let 𝑑,𝑁 ∈ ℕ∗, and let 𝜓(𝑥1,… , 𝑥𝑁) ∈ 𝐻1(ℝ𝑑𝑁) be antisymmetric in the
exchange of any 𝑥𝑖, 𝑥𝑗 ∈ ℝ𝑑, 𝑖 ≠ 𝑗. Then

∫
ℝ𝑑𝑁

|∇𝜓|2d𝑥1 ⋯d𝑥𝑁 ≥ 𝐾𝑑‖𝜓‖
−𝑑

2
2 ∫

ℝ𝑑
𝜚𝜓(𝑥)1+

2
𝑑 d𝑥 ,

where

𝜚𝜓(𝑥) =
𝑁
∑
𝑛=1

∫
ℝ𝑑(𝑁−1)

|𝜓(𝑥1,… , 𝑥𝑛−1, 𝑥, 𝑥𝑛+1,… , 𝑥𝑁)|2d𝑥1 ⋯ ̂d𝑥𝑛 ⋯d𝑥𝑁

is the one-particle density of 𝜓, and 𝐾𝑑 is the optimal constant
of Theorem 1.
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Historical Overview

Remarks
¡ Both 𝐾𝑑 and 1 + 2

𝑑 are independent of 𝑁 !
‖𝜚𝜓‖1 = 𝑁‖𝜓‖22

Proof of Corollary 2 (‖𝜓‖2 = 1)

𝛾𝜓(𝑥, 𝑦) ∶=
𝑁
∑
𝑛=1

∫
ℝ𝑑(𝑁−1)

̄𝜓(𝑥1,… , 𝑥𝑛−1, 𝑦, 𝑥𝑛+1,… , 𝑥𝑁)𝜓(𝑥1,… , 𝑥𝑛−1, 𝑥, 𝑥𝑛+1,… , 𝑥𝑁)d𝑥1⋯ ̂d𝑥𝑛⋯d𝑥𝑁

∴∀𝑓 ∈ 𝐿2(ℝ𝑑):
⟨𝑓, 𝛾𝜓𝑓⟩2 ≥ 0 ,

and

Tr 𝛾𝜓 =
𝑁
∑
𝑛=1

‖𝜓‖22 = 𝑁 .

Marco Falconi Lieb-Thirring, an invitation February 8th, 2021 6 / 30



Historical Overview

Proof of Corollary 2 (cont.)

Hence 𝛾𝜓 ∈ 𝔖1
+(𝐿2(ℝ𝑑)), and thus

𝛾𝜓 = ∑
𝑘∈ℕ

𝜈𝑘|𝑢𝑘⟩⟨𝑢𝑘| .

∴ ∫
ℝ𝑑𝑁

|∇𝜓|2d𝑥1 ⋯d𝑥𝑁 = −Tr∇𝛾𝜓∇ = ∑
𝑘∈ℕ

𝜈𝑘 ∫
ℝ𝑑
|∇𝑢𝑘(𝑥)|2d𝑥 ,

𝜚(𝑥) = ∑
𝑘∈ℕ

|𝑢𝑘(𝑥)|2 ∀𝑥 ∈ ℝ𝑑(Leb.-a.e.) .

The proof follows now immediately from Corollary 1, provided that
∀𝑘 ∈ ℕ , 𝜈𝑘 ≤ 1.
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Historical Overview

Proof of Corollary 2 (end)

However, 𝜈𝑘 ≤ 1 since ‖𝛾𝜓‖B(𝐿2) ≤ 1. To prove this, the
antisymmetry of 𝜓 is crucial. Let {𝑒𝑛}𝑛∈ℕ be an o.n.b. of
𝐿2(ℝ𝑑). Then

𝜓 = ∑
j∈ℕ𝑁

𝜆j 𝑒𝑗1 ⊗⋯⊗ 𝑒𝑗𝑁 ,

and

⟨𝑒0, 𝛾𝜓𝑒0⟩2 =
𝑁
∑
𝑛=1

∑
i,j∈ℕ𝑁

𝜆i�̄�j 𝛿𝑖1𝑗1 ⋯𝛿𝑖𝑛0𝛿𝑗𝑛0 ⋯𝛿𝑖𝑁𝑗𝑁 =
𝑁
∑
𝑛=1

∑
j∈ℕ𝑁

|𝜆j|2𝛿𝑗𝑛0 .

By antisymmetry 𝜆(𝜎(𝑗1),…,𝜎(𝑗𝑁)) = (sgn𝜎)𝜆j, and therefore

⟨𝑒0, 𝛾𝜓𝑒0⟩2 = 𝑁! ∑
0=𝑗1<𝑗2<⋯<𝑗𝑁

|𝜆j|2 ≤ ∑
j∈ℕ𝑁

|𝜆j|2 = ‖𝜓‖22 = 1 .

Since the choice of 𝑒0 is arbitrary, ‖𝛾𝜓‖B(𝐿2) ≤ 1. ⊣
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Historical Overview

We are now ready to prove that matter consisting of 𝐾 fixed nuclei
and 𝑁 electrons (seen as nonrelativistic quantum particles) is
stable, contrarily to its classical counterpart:

let 𝜓 ∈ 𝐿2(ℝ3𝑁) be the (antisymmetric) wavefunction of the 𝑁 elec-
trons;
let R = (𝑅1,… ,𝑅𝐾) ∈ ℝ3𝐾 be the (distinct) positions of the 𝐾 nuclei,
and Z = (𝑍1,… , 𝑍𝐾) ∈ ℝ𝐾

+ their charges;
let

𝑉R,Z(𝑥1,… , 𝑥𝑁) = −
𝑁
∑
𝑛=1

𝐾
∑
𝑘=1

𝑍𝑘
|𝑥𝑛 −𝑅𝑘|

+ ∑
1≤𝑛<𝑚≤𝑁

1
|𝑥𝑛 − 𝑥𝑚| + ∑

1≤𝑘<ℓ≤𝐾

𝑍𝑘𝑍ℓ
|𝑅𝑘 −𝑅ℓ|

be the Coulomb potential acting on the electrons;
Then the energy of the system is given by

ℰR,Z[𝜓] ∶= ∫
ℝ3𝑁

(|∇𝜓(𝑥1,… , 𝑥𝑁)|2 + 𝑉R,Z(𝑥1,… , 𝑥𝑁)|𝜓(𝑥1,… , 𝑥𝑁)|2)d𝑥1 ⋯d𝑥𝑁
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Historical Overview

Theorem 2 (Stability of Matter)
∀R ∈ ℝ3𝐾 (such that ∀𝑘 ≠ ℓ, 𝑅𝑘 ≠ 𝑅ℓ) and ∀Z ∈ ℝ𝐾

+ :

ℰR,Z(𝑁) ∶= inf
𝜓∈𝐻1(ℝ3𝑁),‖𝜓‖2=1

𝜓 antisymm.

ℰR,Z[𝜓] ≥ −3𝜋 4
3

2 2
3 5

𝐾−1
3 (2𝑧 + 1)2(𝑁 +𝐾) ,

where 𝐾3 is the optimal constant of Theorem 1 with 𝑑 = 3, and
𝑧 = max1≤𝑘≤𝐾 𝑍𝑘.
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Historical Overview

Lemma 1 (Baxter 1980)
∀R ∈ ℝ3𝐾 (𝑅𝑘 ≠ 𝑅ℓ) and Z ∈ ℝ𝐾

+ , as multiplication operators

𝑉R,Z(𝑥1,… , 𝑥𝑁) ≥ −
𝑁
∑
𝑛=1

2𝑧 + 1
𝛿R(𝑥𝑛)

,

where 𝛿R(𝑥𝑛) = min1≤𝑘≤𝐾{|𝑥𝑛 −𝑅𝑘|}.
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Historical Overview

Proof of Theorem 2
We use respectively Corollary 2 (Lieb-Thirring) and Lemma 1
(Baxter) to bound the kinetic and potential energy, obtaining for
‖𝜓‖2 = 1:

ℰR,Z[𝜓] ≥ 𝐾3 ∫
ℝ3

𝜚
5
3
𝜓(𝑥)d𝑥−∫

ℝ3

2𝑧 + 1
𝛿R(𝑥)

𝜚𝜓d𝑥 ≥ 𝐾3 ∫
ℝ3

𝜚
5
3
𝜓(𝑥)d𝑥−∫

ℝ3
[2𝑧 + 1
𝛿R(𝑥)

−𝜇]
+
𝜚𝜓(𝑥)d𝑥−𝜇𝑁.

Now Hölder’s inequality yields, defining 𝑇 = ∫ℝ3 𝜚
5
3 (𝑥)d𝑥,

ℰR,Z[𝜓] ≥ 𝐾3𝑇 − ∥[2𝑧 + 1
𝛿R

− 𝜇]
+
∥

5
2

𝑇 3
5 − 𝜇𝑁 .

Optimizing with respect to 𝑇, we get

ℰR,Z[𝜓] ≥ −2 ⋅ 3 3
2

5 5
2

𝐾− 3
2

3 ∥[2𝑧 + 1
𝛿R

− 𝜇]
+
∥

5
2

5
2

− 𝜇𝑁 .
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Historical Overview

Proof of Theorem 2 (end)

Let us now scale w.r.t. R̃ = 𝜇
2𝑧+1R and optimize w.r.t. 𝜇

obtaining

ℰR,Z[𝜓] ≥ − 32
55

3
𝐾−1

3 (2𝑧 + 1)2𝑁 1
3 ∥[ 1

𝛿R̃
− 1]

+
∥

5
3

5
2

Finally, observe that

[ 1
𝛿R̃(𝑥)

− 1]
5
2

+
≤

𝐾
∑
𝑘=1

[ 1
|𝑥 − �̃�𝑘|

− 1]
5
2

+
,

and

∫
ℝ3
[ 1
|𝑦| − 1]

5
2

+
d𝑦 = 4𝜋∫

1

0
(𝑟−1 − 1)5

2 𝑟2d𝑟 = 5𝜋2

4 ,

to conclude, noting that 𝐾 2
3𝑁 1

3 ≤ 22
3
3 (𝐾 +𝑁). ⊣
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The Lieb-Thirring inequality for Schrödinger operators

A dual inequality for Schrödinger operators

Theorem 3 (Lieb-Thirring 1975)
∀𝑑 ∈ ℕ∗, ∃𝐿𝑑 ∈ ℝ+ such that ∀𝑉 ∈ 𝐿1+𝑑

2 (ℝ𝑑, ℝ),

∑
𝑛

∣𝐸−
𝑛 (−Δ+ 𝑉 )∣ ≤ 𝐿𝑑 ∫

ℝ𝑑
[𝑉 (𝑥)]1+

𝑑
2

− d𝑥 .

In addition, 𝐿𝑑 = 𝐿𝑑(𝐾𝑑) by means of

((1 + 𝑑
2 )𝐿𝑑)

1+ 2
𝑑((1 + 2

𝑑)𝐾𝑑)
1+𝑑

2 = 1 .
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The Lieb-Thirring inequality for Schrödinger operators

Remark
⟨ ⋅ , (−Δ+𝑉 ) ⋅ ⟩2 is closed and bounded from below on 𝐻1(ℝ𝑑) by Gagliardo-
Niremberg inequality for any 𝑉 ∈ 𝐿1+𝑑

2 (ℝ𝑑, ℝ).

Proof of Theorem 3 ⟺ Theorem 1
For any {𝑢1,… , 𝑢𝑁} ⊂ 𝐻1(ℝ𝑑) that are 𝐿2-orthonormal,

𝑁
∑
𝑛=1

∫
ℝ𝑑
(|∇𝑢𝑛(𝑥)|2 + 𝑉 |𝑢𝑛(𝑥)|2)d𝑥 ≥

𝑁
∑
𝑛=1

𝐸−
𝑛 (−Δ+ 𝑉 ) ,

with the equality verified if −Δ+ 𝑉 has at least 𝑁 negative
eigenvalues (counting multiplicity), and the 𝑢𝑛 are
𝐸−

𝑛 (−Δ+ 𝑉 )-eigenfunctions. Therefore, the inequality of Theorem 3
implies that for all 𝑁 ∈ ℕ∗, and all 𝐿2-orthonormal functions
{𝑢1,… , 𝑢𝑁} ⊂ 𝐻1(ℝ𝑑):
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The Lieb-Thirring inequality for Schrödinger operators

Proof of Theorem 3 ⟺ Theorem 1 (end)
𝑁
∑
𝑛=1

∫
ℝ𝑑
|∇𝑢𝑛|2d𝑥 ≥ −∫

ℝ𝑑
𝑉 (𝑥)

𝑁
∑
𝑛=1

|𝑢𝑛(𝑥)|2d𝑥 − 𝐿𝑑 ∫
ℝ𝑑
[𝑉 (𝑥)]1+

𝑑
2

− d𝑥 .

The optimal choice of 𝑉 ∈ 𝐿1+𝑑
2 (ℝ𝑑) is given by

𝑉 (𝑥) = −(2+𝑑
2 𝐿𝑑)

− 2
𝑑(

𝑁
∑
𝑛=1

|𝑢𝑛|2)
2
𝑑

thus proving Theorem 1, with 𝐾𝑑 ≥ 𝑑
𝑑+2(2+𝑑

2 𝐿𝑑)−
2
𝑑 . Conversely,

let 𝑉 be given. Then by Theorem 1:
𝑁
∑
𝑛=1

∣𝐸−
𝑛 (−Δ+ 𝑉 )∣ ≤ −𝐾𝑑 ∫

ℝ𝑑
𝜚1+ 2

𝑑 (𝑥)d𝑥 +∫
ℝ𝑑

𝑉−(𝑥)𝜚(𝑥)d𝑥 ,

where 𝜚 = ∑𝑁
𝑛=1|𝑢𝑛(𝑥)|2. Optimizing over 𝜚 we conclude the

proof, since 𝐿𝑑 ≤ 2
2+𝑑(𝑑+2

𝑑 𝐾𝑑)−
𝑑
2 . ⊣
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

An open problem

𝐾𝑑 = ?

(𝐿𝑑 = ?)
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

The one-particle constant
∃𝐿(1)

𝑑 ∈ ℝ+ such that ∀𝑉 ∈ 𝐿1+𝑑
2 (ℝ𝑑, ℝ),

|𝐸−
1 (−Δ+ 𝑉 )| ≤ 𝐿(1)

𝑑 ∫
ℝ𝑑
[𝑉 (𝑥)]1+

𝑑
2

− d𝑥 .

Clearly,

𝐿(1)
𝑑 ≤ 𝐿𝑑 .

In a dual fashion, defining 𝐾(1)
𝑑 by

((1 + 𝑑
2 )𝐿

(1)
𝑑 )

1+ 2
𝑑((1 + 2

𝑑)𝐾
(1)
𝑑 )

1+𝑑
2 = 1 ,

we have that
𝐾𝑑 ≤ 𝐾(1)

𝑑 .
The one particle constants are more convenient for numerical
investigation.
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

The semiclassical constant
Weyl asymptotics can be used to evaluate Tr[−ℏ2Δ+ 𝑉 ]− in the limit
ℏ → 0, for suitably regular potentials 𝑉 (in particular 𝑉 ∈ 𝐿1+𝑑

2 ):

lim
ℏ→0

ℏ𝑑 Tr[−ℏ2Δ+ 𝑉 ]− = ∫
ℝ2𝑑

[|𝜉|2 + 𝑉 (𝑥)]−
d𝑥d𝜉
(2𝜋)𝑑 .

On the other hand,

∫
ℝ2𝑑

[|𝜉|2 + 𝑉 (𝑥)]−d𝑥d𝜉 = 2
2 + 𝑑𝜔𝑑 ∫

ℝ𝑑
[𝑉 (𝑥)]1+

𝑑
2

− d𝑥 ,

where 𝜔𝑑 is the volume of the 𝑑-dimensional ball of radius one.
This follows from an explicit calculation (do it!) of

∫
ℝ𝑑
[|𝜉|2 + 𝑉 (𝑥)]−d𝜉 .
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

Therefore,

lim
ℏ→0

ℏ2+𝑑 Tr[−Δ + ℏ−2𝑉 ]− = 𝐿cl
𝑑 ∫

ℝ𝑑
[𝑉 (𝑥)]1+

𝑑
2

− d𝑥 ,

𝐿cl
𝑑 = 2

2 + 𝑑
𝜔𝑑

(2𝜋)𝑑 (explicit!)

It follows that, defining 𝛽 = ℏ−2, for 𝛽 large enough (possibly
depending on 𝑉 ):

∑
𝑛

|𝐸−
𝑛 (−Δ+ 𝛽𝑉 )| = Tr[−Δ + 𝛽𝑉 ]− ≤ 𝐿cl

𝑑 ∫
ℝ𝑑
[𝛽𝑉 (𝑥)]1+

𝑑
2

− d𝑥 .

Hence,
𝐿cl

𝑑 ≤ 𝐿𝑑 .
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

Therefore,

lim
𝛽→∞

𝛽−(1+𝑑
2 ) Tr[−Δ + 𝛽𝑉 ]− = 𝐿cl

𝑑 ∫
ℝ𝑑
[𝑉 (𝑥)]1+

𝑑
2

− d𝑥 ,

𝐿cl
𝑑 = 2

2 + 𝑑
𝜔𝑑

(2𝜋)𝑑 (explicit!)

It follows that, defining 𝛽 = ℏ−2, for 𝛽 large enough (possibly
depending on 𝑉 ):

∑
𝑛

|𝐸−
𝑛 (−Δ+ 𝛽𝑉 )| = Tr[−Δ + 𝛽𝑉 ]− ≤ 𝐿cl

𝑑 ∫
ℝ𝑑
[𝛽𝑉 (𝑥)]1+

𝑑
2

− d𝑥 .

Hence,
𝐿cl

𝑑 ≤ 𝐿𝑑 .
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

As before, we can thus define

𝐾cl
𝑑 = 𝑑

𝑑 + 2
(2𝜋)2

𝜔
2
𝑑
𝑑

by

((1 + 𝑑
2 )𝐿cl

𝑑 )
1+ 2

𝑑((1 + 2
𝑑)𝐾cl

𝑑 )
1+𝑑

2 = 1 ,
obtaining

𝐾𝑑 ≤ 𝐾cl
𝑑 .
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

The Lieb-Thirring conjecture

𝐾𝑑 = min{𝐾(1)
𝑑 ,𝐾cl

𝑑 }

(𝐿𝑑 = max{𝐿(1)
𝑑 , 𝐿cl

𝑑 })
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An open problem and a conjecture: the value of 𝐾𝑑(𝐿𝑑)

The current best bounds

𝐾𝑑 ≥ (0.4771851) 1
𝑑 𝐾cl

𝑑

𝐿𝑑 ≤ 1.456𝐿cl
𝑑

Numerical simulations suggest that 𝐾𝑑(𝐿𝑑) = 𝐾(1)
𝑑 (𝐿(1)

𝑑 ) for 𝑑 = 1, 2 and
𝐾𝑑(𝐿𝑑) = 𝐾cl

𝑑 (𝐿cl
𝑑 ) for 𝑑 ≥ 3.
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Generalized inequality for Schrödinger operators

A generalization for Schrödinger operators

Theorem 4 (Lieb-Thirring 1976)
Let 𝛾 ≥ 1

2 for 𝑑 = 1, 𝛾 > 0 for 𝑑 = 2, and 𝛾 ≥ 0 if 𝑑 ≥ 3. Then ∃𝐿𝛾,𝑑 ∈ ℝ+
such that ∀𝑉 ∈ 𝐿𝛾+𝑑

2 (ℝ𝑑, ℝ):

∑
𝑛

∣𝐸−
𝑛 (−Δ+ 𝑉 )∣𝛾 ≤ 𝐿𝛾,𝑑 ∫

ℝ𝑑
[𝑉 (𝑥)]𝛾+

𝑑
2

− d𝑥 .
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Generalized inequality for Schrödinger operators

A (partially) open problem

𝐿𝛾,𝑑 = ?
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Generalized inequality for Schrödinger operators

Known results (due to Lieb-Thirring,
Aizenman-Lieb, Laptev-Weidl, Benguria-Loss,
Hundertmark-Lieb-Thomas, Helffer-Robert,
Glaser-Grosse-Martin,…)
Theorem 5

𝐿𝛾,𝑑 = 𝐿cl
𝛾,𝑑 if 𝛾 ≥ 3

2 and 𝑑 ≥ 1;

𝐿 1
2 ,1 = 𝐿(1)

1
2 ,1

.

Theorem 6
𝐿𝛾,𝑑 > 𝐿cl

𝛾,𝑑 if 𝛾 < 3
2 with 𝑑 = 1, or 𝛾 < 1 with 𝑑 ≥ 2;

𝐿𝛾,𝑑 > 𝐿(1)
𝛾,𝑑 if 𝛾 > max{2 − 𝑑

2 , 0} for 1 ≤ 𝑑 ≤ 6, or 𝛾 ≥ 0 for 𝑑 ≥ 7.
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Conclusion: the proof of Lieb-Thirring’s inequalities

The main tool in the proof of Theorem 4: the
Birman-Schwinger principle (main ideas)

Definition (Birman-Schwinger operator)
Let 𝑉 ∈ 𝐿𝛾+𝑑

2 (ℝ𝑑, ℝ), 𝛾 ≥ 0, 𝑉 ≤ 0. The Birman-Schwinger operator 𝐾𝐸,
𝐸 > 0, is defined by

𝐾𝐸 ∶=
√
−𝑉 (−Δ+𝐸)−1√−𝑉 .
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Conclusion: the proof of Lieb-Thirring’s inequalities

Properties of the Birman-Schwinger operator:

𝐾𝐸 ≥ 0

𝐾𝐸 ∈ B(𝐿2(ℝ𝑑))

𝐸′ < 𝐸 implies 𝐾𝐸′ ≥ 𝐾𝐸 (𝐾𝐸 is monotonically decreasing in 𝐸)
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Conclusion: the proof of Lieb-Thirring’s inequalities

Theorem 7 (Birman-Schwinger principle)
Let 𝑉 ∈ 𝐿𝛾+𝑑

2 (ℝ𝑑, ℝ), 𝛾 ≥ 0, 𝑉 ≤ 0. In addition, let 𝑛𝐸(𝑉 ) be the number
of eigenvalues of −Δ + 𝑉 that are less than 𝐸, and let 𝑁1(𝐾𝐸) be
the number of eigenvalues of the Birman-Schwinger operator that are
greater than 1. Then,

𝑛𝐸(𝑉 ) = 𝑁1(𝐾𝐸) .
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Thank you for the attention

Thank you for the attention
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